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Abstract 

In this paper we seek to determine the Jacobson radical of certain al- 
gebras based on semigroups, and in particular on the semigroups (/3S, □ ), 
where S is a cancellative, countable, abelian semigroup and f3S is its 
Stone-Cech semigroup compactification. In particular, we wish to deter- 
mine the radical of i x {fiK). 

1 Introduction 

We first recall the basic definitions and properties of the (Jacobson) radical of 
an algebra; see pQ for details. 

Let A be a (complex, associative) algebra. The algebra formed by adjoining 
an identity to A is denoted by A# , with A# — A when A already has an identity. 
The identity of A# is denoted by e^- The radical of A, denoted by J (A), is 
defined to be the intersection of the maximal left ideals of A# ; it is also equal 
to the intersection of the maximal right ideals of A#, and so it is an ideal in A. 
The algebra A is semisimple if J (A) = {0}; the quotient algebra A/J(A) is a 
semisimple algebra. 

Let A be an algebra. An element a G A is nilpotent if a n = for some 
nffj; the minimum such n is the index of a; the set of nilpotent elements of A 
is denoted by J\f(A). An element a e A is quasi-nilpotent if ze \ — a is invertible 
in A# for each z G C with z ^ 0; the set of quasi-nilpotent elements of A is 
denoted by Q(A). Trivially, Af(A) C Q(A). 

A characterization of J (A) is as follows [1] Proposition 1. 5. 32(h)] . 

Theorem 1.1. Let A be an algebra. Then 

J{A) = {aeA:bae Q(A) (b G A*)} = {a e A : ab e Q(A) (b G A*)} . 

Thus, for a G A, we have a G J(A) if and only if, for each b G A, there exists 
c G A with ba + c = cba. 

It follows from Theorem O that J (A) C Q(A). In general, J (A) C Q(A), 
and neither A/"(A) nor Q(A) is closed under either sums or products; this is 
shown by simple examples of 2 x 2 matrices. 

We shall use the following standard result; clauses (i) and (ii) are contained 
in [U Theorem 1.5.4], and clause (iii) follows from (TJ Corollary 1.5.3(h)]. 
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Proposition 1.2. Let A be an algebra, and let I be an ideal in A. 

(i) J(l) = J(A)ni. 

(ii) Suppose that I C J (A). Then J {A/ 1) = J(A)/I. 

(iii) Suppose that A/I semisimple. Then J(A) C /. 

Now let A be a Banach algebra. Then J(A) is a closed ideal in A, and A/J(A) 
is a semisimple Banach algebra. The spectral radius of a £ A is denoted by r^, 
and so 

Q(A) = {a £ A: v A {a) = 0} = {a £ A : a(a) = {0}} , 

where c(a) is the spectrum of a £ A. By the spectral radius formula [TJ Theorem 
2.3.8], 

VA {a) = lim |K|| 1/n . (1.1) 

Suppose that B is a subalgebra of A. Then lim, woo ||6 ra || 1 ' n = for each 
b £ J(B). In the case where the Banach algebra A is commutative, we have 
M(A) C J{A) = Q(A); M{A) is not necessarily either closed or dense in J(A). 
For non-commutative Banach algebras, it may be that Q(A) is not || • ||-closed 
in A [TJ Example 2.3.15]. For a normed algebra A, it may be that J(A) is not 
closed in A gj §10]. 

Proposition 1.3. Let A be a Banach algebra, and let B be a closed subalgebra 
of A. Then J (A) n B C J(S). 

Proof. Let a £ J(A) n B, and take & S B. Then VA{ba) = and so vb{oo) = 
by ITT]). Thus 6a G Q(B), and so a e J(B). □ 



Proposition 1.4. Le£ A be a Banach algebra, and let I be a closed, left ideal 
in A. Suppose that there is an element u e / such that au ^ and ua =/= 
whenever a E A \ {0}. XTien / is semisimple if and only if A is semisimple. 

Proof. Suppose that / is not semisimple, and take a e J(I) with o / 0. Then 
ua e J(I). Take b e A. Then bu € I, and so bua £ Q(7) C Q(A). Thus 
zta £ >/(^l)- Since ua ^ 0, A is not semisimple. 

Suppose that A is not semisimple, and take a £ J{A) with a ^ 0. Then 
aw £ J (A) n /. Take b £ /. Then 6aw £ Q(A) n I = Q(I), and so au £ J(J). 
Since au ^ 0, / is not semisimple. □ 

In general, a closed subalgebra of a unital, semisimple Banach algebra is not 
necessarily semisimple. For example, let A = M„, the algebra ofnxn matrices 
over C, so that A is a unital, semisimple, finite-dimensional Banach algebra, 
and let B be the closed, unital subalgebra of upper-triangular matrices. Then 
J(B) consists of the matrices that are zero on the diagonal, and so J{B) ^ {0} 
whenever n > 2. There are also easy examples of commutative, radical Banach 
algebras with a dense, semisimple subalgebra. 
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2 Semigroup algebras 



Let S be a non-empty set. Then £ 1 (S) is the usual Banach space consisting of 
the functions / £ C s such that 

ii/ii = Ei/( s )i<°°- 

For an element / E £ 1 (S), the support of / is supp / = {s E S : f(s) ^ 0}. 
Of course, supp / is always countable. The characteristic function of {s} for an 
element s E S is denoted by 6 8 , and a generic element of £ (S) is written as 
Sses f( s )3s- The linear space spanned by the functions S s is CS; these are the 
elements of finite support. Thus CS* is a dense subspace of || • ||). 

We shall consider algebras CS and £ 1 (S) based on certain semigroups S. We 
first recall some properties of semigroups; for a substantial study of semigroups, 
see [8] and [9]. 

Let S be a semigroup, with product denoted by juxtaposition. An element 
p E S is an idempotent if p — p ; the set of idempotents of the semigroup S is 
denoted by E(S). For s £ S, we set L s (t) — st and R s (t) = ts for t E S; for 
T C S, we write sT = L S (T) and Ts = R S (T). An element s E S is cancellable 
if both L s and i? s are injective, and S is cancellative if each s £ S" is cancellable; 
s G S is weakly cancellable if {u £ S : su = i} and {it £ S : us = t} are 
both finite for each t E S, and S is weakly cancellative if each s € S is weakly 
cancellable. A subset T of a semigroup 5 is a Ze/t idea? if sT C T (s E S), a 
rig/it idea/ if Ts C T {s E S), and an ideal if it is both a left and right ideal; 
ideals in S are ordered by inclusion. 

A semigroup S is abelian if st = ts (s,t E S), and in this case we usually 
denote the semigroup operation by '+'. Let (S, +) be a cancellative, abelian 
semigroup. Then there is an abelian group (G, +) containing S as a subsemi- 
group and such that each x E G can be expressed as x — s — t for some s,t E S; 
G is called the group of quotients of S. 

A semigroup S with a topology r is a compact, right topological semigroup 
if {S,t) is a compact (Hausdorff) space and the map R s is continuous for each 
s E S. These important semigroups are studied in [5]. 

Study of the semigroups that will concern us is based on the following struc- 
ture theorem; it is stated in somewhat more generality than we require. See [U 
§2.2] for a much more general version. 

Theorem 2.1. Let V be a compact, right topological semigroup. 

(i) A unique minimum ideal K(V) exists in V. The families of minimal left 
ideals and of minimal right ideals of V both partition K{V). 

(ii) For each minimal right and left ideals R and L in V , there exists p E 
E(V)(~\RnL such that RnL = RL = pVp is a group; these groups are maximal 
in K(V), are pairwise isomorphic, and the family of these groups partitions 
K{V). 

(hi) For eachp,q E K(V), the subset pK(V)q is a subgroup ofV, and there 
exists r E E(K(V)) with rp — p and qr = q. 
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Let S be a semigroup. Then there is a unique product * on £ 1 (S) such that 

5 S * 5 t = S st (s,t e S) 

such that (£ 1 (S), *, ||- ||) is a Banach algebra; this is the semigroup algebra of 
S. Thus, given f,g£ £ 1 (S), we have 

(/ * = :r,se 5, rs = t} (t e 5) , 

where the sum is zero when there are no elements r, s € S with rs — t. The 
space CS, the 'algebraist's semigroup algebra', is a dense subalgebra of our 
Banach algebra £ 1 (S). For n € N, the n th power of / G is denoted by 

j * n 

For an extensive study of this Banach algebra, see [2]. 

Definition 2.2. Let S be a semigroup. The radical of the semigroup algebra 
(£ 1 (S), *) is denoted by J(S), and the sets of nilpotents and quasi- nilpotents in 
£ 1 (S) are denoted by Af(S) and Q{S), respectively. The radical of the algebra 
(CS, *) is denoted by J (S). 

Let S be a semigroup. Then it follows from Theorem 1 1 . 1 1 that 

J(S) = {f €£ 1 (S):g*f€Q(S) (g € £ l (S))} . 

Easy examples show that there are finite, abelian semigroups S such that 
£ 1 (S) is not semisimple. For example, set S = {o,s} where o 2 = os = so — 
s 2 = o, so that S is an abelian semigroup (and S is a zero semigroup). Then 
set / = 5 — S s . Clearly / is nilpotent of index 2 and 5 a * / and 8 S * f are zero, 
and so J(S) = Cf ^ {0}. 

Let iS* be a finite semigroup. Then a criterion for CS to be semisimple is 
given in [TTJ Chapter 14, Theorem 31]. 

In the case where S is an abelian semigroup, conditions for £ 1 (S) to be 
semisimple are given in [B]: indeed, £ 1 (S) is semisimple if and only if S is 
separating , in the sense that s = t whenever s,t S S and s 2 = t 2 = st. 

In the case where G is a group, J(G) — {0}, and so £ 1 (G) is semisimple 
[1, Corollary 3.3.35]. It is also true that Jq(G) = {0}; this is a theorem of 
Rickart, proved in pj] Theorem 7.1.1], for example. Further, Q(G) = {0} 
for each abelian group G. Indeed, there is a standard, more-general theorem. 
Let G be a locally compact group with Haar measure m, and let L 1 (G, m) be 
the corresponding group algebra of G. Then L 1 (G, m) is a semisimple Banach 
algebra [J Corollary 3.3.35]. 

Let S be a cancellative semigroup. We do not know if £ X (S) or CS is 
necessarily semisimple; this is true if S is either finite or abelian. It is not 
true that every cancellative semigroup is a subsemigroup of a group [TU]; we 
do not know if ^ 1 (5') or CS is necessarily semisimple whenever this is the case. 
Let §„ be the free semigroup on n generators. Then it is true that ^ 1 (S n ) is 
semsimple: indeed, J(S n ) = Q(S n ) = {0} 1 Theorem 2.3.14]. For some partial 
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results on when CS is semisimple for particular cancellative semigroups, see [TTJ 
Chapter 10, Corollary 5 and Lemma 8]. For example, each ordered semigroup 
S is cancellative and such that CS is semisimple. 

We obtain the following corollary of Proposition 11.31 

Proposition 2.3. Let S be a semigroup with a subgroup G. Suppose that f G 
J(S) with supp / C G. Then / = 0. 

Proposition 2.4. Let V be a compact, right topological semigroup, and suppose 
that p,qe K(V). Take f G J (V) with supp / C pK(V)q. Then / = 0. 

Proof. Set G = pK(V)q, so that G is a group. By Theorem l2.1f iii). there exists 
r G E(V) n G such that rp — p and qr = q and such that rK(V)r = rVr is a 
group. 

Take jeCGc CS. Then there exists h e CS with g -k f + h = h -k g -k f . 
We have 

g-kf + 6 r -kh*5 r = 5 r *h-k6 r -kg-kf 

because 8 r * g — g and / -k S r = f, and supp (S r * h * S r ) C rVr C G, so that 
5 r * h * 5 r E CG. Thus / G J (G) = {0}. □ 

Let F2 be the free group on two generators. It is shown in [21 Lemma 7.3] that 
there are nilpotent elements of every index in 1 1 (F2 ) and that there are quasi- 
nilpotent elements that arc not nilpotent. Thus {0} = J(F 2 ) C W(F 2 ) C Q(F 2 ). 

3 The semigroup (5*, □) 

The Stone-Cech compactification of a discrete topological space S is denoted 
by f3S; we regard S as a subset of (3S, and set S* — (3S \ S. More generally, we 
set A* = A ("1 S* for a subset A of S, where A is the closure of A in /3S. 

Now, throughout this section, we take S to be a semigroup; the particular 
example that we have in mind is S = (N, +). It is shown in many places, 
including [U [8] (from different points of view), that, in the case where 5 is a 
semigroup, there is a unique binary operation □ on (3S such that {(3S, □) is a 
semigroup containing S as a subsemigroup and such that (f3S, □) is a compact, 
right topological semigroup. 

Definition 3.1. Let S be a semigroup. Then the semigroup (f3S, □) is the 
Stone-Cech semigroup compactification of S. 

In the general case, where the product in S is denoted by juxtaposition, 
we shall usually denote the operation □ in BS by juxtaposition and write just 
j3S for {BS, □); the corresponding product in £ 1 ((3S) is denoted by *. In the 
special case where S is abelian (and especially where S = (N, +)), we shall 
sometimes write ((3S, +) for the semigroup (f3S, □), as in [8], where we recall 
that, in general, x + y ^ y + x for x, y G /3S. 
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There is also a unique binary operation O on j3S such that (f3S, O) is a 
semigroup containing S as a subsemigroup and such that (/35 1 , O) is a compact, 
left topological semigroup. In the case where the semigroup S is abelian, the 
two semigroups (S* , □) and (S*,0) have the same minimal ideal and l 1 (f3S, O) 
is just the opposite algebra to £ 1 ((3S 7 □ ), and so these two algebras have the 
same Jacobson radical. In the case where G is a group, the map s >-» s _1 on 
G extends to a continuous homeomorphism rj : f3G — > (3G such that r)(x □ y) = 
viv) ° ^(^O fai 2/ G It follows easily that (/3G, □) is semisimple if and only 

if (/3G, O) is semisimple; we do not know if this is true when we replace G by a 
(cancellative) semigroup. 

Let S be a semigroup. We note that the map L s is continuous on (/3S 1 , □) for 
each s £ S, and that, for many semigroups S, including all weakly cancellative 
semigroups, the map L s on /3S is continuous only if s £ S 2, Theorem 12.20]. 

Let S be a semigroup, and take u £ f3S. Recall that the left ideal ((3S)u is 
closed in (3S and that (f3S)u — Su; we shall use this fact several times. The set 
S* is an ideal in f3S if and only if S is weakly cancellative [H Theorem 6.16(h)], 
and then S* = (S* , □) is also a compact, right topological semigroup; further, 
£ 1 (S*) is a closed ideal in (e 1 (/3S), *), and hence € 1 (/5S') =^(S) k ^(S*) as 
a semi-direct product. The structure theorem applies to both j3S and S*; in 
particular, j3S and 5* each have a (unique) minimum ideal. In the case where 
S is weakly cancellative, K(S*) = K(fiS). 

Proposition 3.2. Let S be a weakly cancellative semigroup such that ^{S) is 
semisimple. Then J(/3S) — J(S*). 

Proof. By Proposition Op), J(/3S) n t^S*) = J(S*). Since ^(S) is semi- 
simple, J{/3S) ce 1 (S*)bj Proposition Opii). □ 

In particular, J(f3S) — J(S*) whenever S is either Nora group. 

Proposition 3.3. The algebra ^ 1 (N*) is semisimple if and only if £ 1 (Z*) is 
semisimple. 

Proof. By [5J Exercise 4.3.5], N* is a left ideal in Z*, and so ^ 1 (N*) is a closed 
left ideal in £ 1 (Z*). By Theorem 8.34], there is an element ief such that 
x is cancellable in Z*, and so u — S x G f 1 (N*) has the property that au ^ and 
ua ^ whenever a £ ^(Z*) \ {0}. Thus the result follows from Proposition 



Example 3.4. For m, n £ N, define m V n = max{m, n}, and set S = (N, V). 
Then 5* is a countable, weakly cancellative, abelian semigroup, and ^ 1 (5') is 
semisimple because S is separating (see also [H Example 4.9]), and so J(f3S) = 
J(S*). Take u, v £ S 1 *, then u □ u = u, and so (S 1 *, □) is a right zero semigroup. 
It is easy to see [5J Example 7.32], that 



□ 
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and so £ 1 (S*) is not semisimple. 

The following result shows immediately that {0} C 7V(N*,+) C Q(N*,+). 
The theorem is due to Hindman and Pym [7J; see [5J §7.3] for more general 
results. 

Proposition 3.5. The semigroup (N*,+) contains many isomorphic copies of 
¥2 as a subgroup of K(N*), and £ 1 (N*,+) contains many isometric and iso- 
morphic copies of I 1 (F2) as a closed subalgebra. 

In this paper, we shall seek to determine the space J{S*) for a semigroup S, 
concentrating on the case where S is cancellative, countable, and abelian, and 
more generally for a countable semigroup S that can be embedded in a group. 
We shall see that it seems to be difficult to determine even whether J(N*) is 
equal to {0}, and hence that £ 1 (N*,+) is a semisimple Banach algebra: we 
shall show that this question is closely related to well-known open questions 
in the theory of /3N. For a general cancellative, countable, abelian semigroup 
5, we should like to determine J(S*) if it should transpire that £ 1 (S*) is not 
semisimple. 

4 Results about (3S 

In this section, we establish some results about the Stone-Cech semigroup 
compactification of a semigroup which will usually be cancellative and count- 
able. 

We shall use a version of [8, Theorem 3.40] several times; for convenience, 
we re-state this result here. 

Lemma 4.1. Let S be a non-empty set, and let P and Q be countable subsets 
of PS. Suppose that PnQ^tt. Then either PnQ^0orPnQ^0. 

We recall from [5] and [5] the definition of a specific subsemigroup H of 
(N*,+). 

Let n G N. Then Z n = {0,l,...,n — l}is the natural group with respect 
to addition modulo n, so that there is a quotient map q n : Z — >• Z n which is 
a group homomorphism; the map q n extends to a semigroup homomorphism 
q n : PZ -> Z„. The subset H of N* is defined to be 

i = {i£ PN : q 2 n (as) =0 [n G N)} . 

We note that EI is a subsemigroup of (N*,+) and a G«5-set in N* and that 
H D E(W), so that H n K(W) ^ 0. 

We shall require the following notion and theorem from [S]. 
Let G be a group, and suppose that there is a monomorphism 7 : G — ¥ C , 
where C is a compact topological group. We identify G as a subset of C; 
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we may suppose that G is dense in C. In the case where G is countable, we 
may also suppose that C is metrizable. We note that every abelian group can 
be embedded in a compact group which is a product of copies of the circle 
group; also, F 2 can be algebraically embedded in a compact topological group 
[8, Proposition 2.24]. There is an extension of 7 to a continuous epimorphism 
7 : (/3G, □) — > C. We define V to be the kernel of 7, and, for x, y £ 0G, we set 
x ~ y if 7(x) = 7(2/). 

The following theorem follows from [5J Theorem 7.28]. 

Theorem 4.2. Let G be a countably infinite group, and let V be as above. Then 
V contains E(G*), and V is topologically isomorphic to H. 

Thus, in the above case, there is a map 9 : ^(V) — > 1 1 (H) such that 9 is 
an isometry and an algebra isomorphism; in particular, J(V) can be identified 
with J(H). 

Lemma 4.3. Let G be a countably infinite group, and let E be an equivalence 
class determined by the relation ~. Then there is a cancellable element u £ j3G 
such that uE C V. 

Proof. We suppose that G is embedded in a compact topological group C, as 
above, and take c £ C such that 7(01) — c for each x £ E. Let (U n ) be a sequence 
which is a basis for the family of open neighbourhoods of the identity of C. For 
each n £ N, choose s n £ G such that s n c £ U n , and set S = {s n : n £ N}*, so 
that S is a clopen subset of G* . Clearly, for each s £ S, we have sE C V. By 
[SI Theorem 8.34], S contains a cancellable element of f3G. □ 

Our first results are modifications of Theorems 6.56 and 6.57 of [5]. We adopt 
the following notation, which we shall maintain throughout this section. Let S 
be a countable semigroup that is a subsemigroup of a group G; we may suppose 
that G is also countable. For example, starting from a countable, cancellativc, 
abelian semigroup S, we can take G to be the group of quotients of S. We order 
the group G by a total ordering, which we call '<'. 



Let (x n : n £ N) be a sequence in S* \ K(S*), and fix q £ K(S*). Then 
clearly we have (j3G) qx n — Gqx n C K(S*) (n £ N), and so 



Thus, for each n £ N, we can choose a clopen subset lf n in /3S 1 such that 



n 



Xi , . . . , X n 



}n\J(pG)qx t = (neN), 



7). 



{xi, . . . 




(4.1) 



For each n G N and r G G, we set 



{u G 5* : ruzi £ W„ (i = 1, . . . , n)} . 



(4.2) 
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We note that each U n , r is a clopen subset of S* containing q. 

Since G is countable, the intersection f]{U„ tr : n G N, r G G} is a G^-set 
in S*, and so it has a non-empty interior [5J Theorem 3.36]. Thus we can find 
and fix a non-empty, clopen subset U of S* such that U C U n . r for each n G N 
and reG. By [5] Theorem 8.34], the set of cancellable elements of (3S contains 
a dense, open subset of S* , and so, by intersecting U with such a set, we may 
suppose that every element of U is cancellable in (3S. 

In the special case in which S — N and G — Z, we can suppose that we have 
chosen q G H (because H n if(N*) ^ 0) and that UcH. This follows from the 
fact that EI n fll^n.r : n e N, r 6 Z} is a non-empty, G^-set in N*. 

The set U has the form A* for some infinite subset A of N; we write A = 
{<2i, aa, . . . }. By passing to a subset of A, if necessary, we may suppose that 

ba m ^= a n whenever m < n in N and b < a m in G . (4-3) 

For each r G G, we set A r = {a e 4 : r < a}. Of course, A \ A r is finite, and so 
A* r = A* (r G G). 

Lemma 4.4. For each u G U and m, n G N, we ftawe x m ^ (/3G) wa; n . 

Proof. Take u G t/, and assume towards a contradiction that there exist m, n G 
N such that x m G {j3G)ux n — Gux n - Take k G N with fc > max{m,n}. Then 
Wfe is an open neighbourhood of x m , and so there exists y G G such that j/mx„ G 
T^fc- But this contradicts the fact that u G Uk, y - Thus x m ^ (/3G) ita;„. □ 

Lemma 4.5. For each u <E U and n G N, tte element right cancellable 

in (3G. 

Proof. Assume towards a contradiction that ux n is not right cancellable in /3G. 
By [8l Theorem 8.18, (3) ^> (1)], there exists x G G* such that uir n = 
Since ux n G ^4x„ and xux n G Gux n , it follows from Lemma |4. II that one of the 
following two alternatives must hold: 

(i) vx n = rux n for some v G A and some r G G ; 

(ii) aa;„ = j/ua; ra for some a £ A and some y G /3G . 

Suppose that (i) occurs. Assume that v G S. Then v~ l rux n = x n G Wn, 
a contradiction of the fact that u G U n v -i r . Thus w G A*. It follows that 
vx n G Ar„ = A r x n . Also, rua;„ G r^4 r a; n . By a second application of Lemma 
14.11 one of the following two alternatives must hold: 

(hi) bx n — ru\x n for some u\ G A r and some b G A r ; 
(iv) 1*2 = r-cx„ for some 1*2 G v4 r and some c <E A r . 

Now case (hi) cannot hold when u\ G A r by (|4.3j) . and case (hi) cannot hold 
when Mi G A* because, in this case, u\ G U n ^-i r and so x n — b^ 1 ru2X n ^ W n , 
a contradiction of the fact that x n G W n . Thus (hi) cannot hold. Similarly, (iv) 
cannot hold. 

We have obtained a contradiction in the case where (i) holds. 
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Now suppose that (ii) occurs. Since a~ 1 yux n G Gux n and a yux n = x n G 
W n , it follows that there exists t G G such that tux n G W n , a contradiction of 
the fact u G U n ,t- Thus we have obtained a contradiction also in the case where 
(ii) holds. □ 

Lemma 4.6. For each u G U and each m,n£N, either x m G Gx n or 

(fiG) ux m n (/3G) ux„ = . 

Proof. Take fceN with A; > max{m, n}. 

Suppose that (fiG)ux m H ((3G)ux n ^ 0. By [HI Corollary 6.20], we may 
suppose that xux m = ux n for some a; G /3G. Now xux m G Gux m and ux„ G 
^4x„ , and so it again follows from Lemma 14.11 that one of the following two 
alternatives must hold: 

(i) sux m = vx n for some v £ A and some s G G ; 

(ii) yux m = ax n for some a £ i and some y G /3G . 

Assume towards a contradiction that (i) holds. Again we see that sux m G 
sAx m and vx n G Ax n , and so it again follows from Lemma 14.11 that one of the 
following two alternatives must hold: 

(hi) su\x m = bx n for some u\ G A and some b G A ; 

(iv) scx m = uix n for some ui G ^4 and some c £ A . 

However (iii) cannot hold in the case where ui G A* because this would 
contradict the fact that u% G (,-i s . Hence wi G A, and so we can conclude 
that x m G Gx n . Similarly, (iii) cannot hold in the case where U2 G A*, and so 
again x m G Gx n . □ 

We set x = y for x, y G /3G if x G Gy. 

It follows from the above lemmas that we have the following theorem. 

Theorem 4.7. Let S be a countable semigroup that is a subsemigroup of a 
group G, and suppose that (x n : n G N) is a sequence in S* \K(S*). Then there 
is an infinite subset A of S such that, for each u G A* , the following properties 
hold: 

(i) u is cancellable; 

(ii) ux n is right cancellable for each n G N; 

(iii) for each m, n G N, either x rn = x n or (fiG) ux m n (fiG)ux n = 0. 

5 The radical of some semigroup algebras 

Here we begin to study J(S*), the radical of £ 1 (S*), for suitable semigroups S. 
In particular, for the remainder of the paper, our semigroups are abelian. 
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Theorem 5.1. Let S be a cancellative, countable, abelian semigroup, and sup- 
pose that f G J(S*) or f G J (S*). Then supp / C K(S*). 

Proof. We take G to be the group of quotients of S, so that S is a subsemigroup 
of G and Theorem 14.71 applies. We now denote the semigroup operation in G* 
by '+'; for x G /3G and n G N, we write n * x for x + • • • + x, where there are n 
copies of x. 

Assume towards a contradiction that supp / <£_ K(S*) 7 and set 

X = supp / \ K(S*) , 

so that X is a countable, non-empty set. 

By Theorem 14.71 there exists u G /3S such that u is cancellable, such that 
ux is right cancellable for each x G X, and, furthermore, for each x,y G X, 
either x = y or (/3G) ra D (/3G) uy = 0. By replacing each x G X by ux and 
replacing / by 5 U * /, we may suppose that a; is right cancellable for each x G X 
and that, for each x,y £ X, either x = y or (/3G) x PI (/3G) y = 0. Note that it 
remains true that / G J(S*) or / G Jo (5*) because J(S*) and Jo(S*) are ideals 
in £ 1 (S'*) and C5*, respectively, and so, in either case, lim^oo = 0. 

Further, ||/|| = ||5„n/|| because u is cancellable, and so we have not changed 
the value of ||/||. 

Suppose that 

Xi 1 • • ' + Xi k — Xj x -(-•••-(- Xj m , (5-1) 

where x^ , . . . , Xi k ,Xj t ,..., Xj m G X. Then (/3G + Xi fc ) n (/3G + xj m ) 7^ 0, and so 
x ik = Xj- m . Since Xi fc and x Jm are right cancellable, it follows that 

•^il T~ ' ' ' — ' ' ' ^jm — 1 ■ 

By repeating this argument, we see that it follows from (|5.ip that k = m and 
Xj r = Xj r for all r G {1, fc}. 

Choose x G X, and set T n = G + n * x for n G N. Set h = f | Ti, so that 
/i G Since /(x) 7^ 0, we have /i(x) ^ 0. By the remark of the previous 

paragraph, it follows that, for each n G N, we have h* n = /* ™ | T„, and so 
\\h* n \\ < ||/* n ||. Consequently, lim^oo ||/i* n || 1/n = and h G Q(5*). Now 
define (p £ i 1 (G) by 

¥>(*/) = % + *) (2/ £ G) . 

Then ||^* n || < \\h* n \\ (n G N), and so 93 G Q(G). However Q(G) = {0} because 
G is an abelian group, and so ip = 0. Hence /i(x) = 0, a contradiction. 

We conclude that supp / C K(S*). □ 

Corollary 5.2. Let S be a cancellative, countable, abelian semigroup. Then 
£ (S*) is semisimple if and only if t l {K(S*)) is semisimple. 



11 



Proof. Assume that £ 1 (K(S*)) is semisimple, and take / G J(S*). Then, by the 
theorem, supp / c K(S*), and so / G J(S*) n € 1 (*T(5*)) C J(K(S*)) = {0}. 
Thus / = 0, and so •^ 1 (S'*) is semisimple. 

Assume that ^(S*) is semisimple. By Proposition 0(i) , J(K(S*)) = {0}, 
and so ^ 1 (if( ) S'*)) is semisimple. □ 



Proposition 5.3. Let f G J(H). J7ien supp / C K nH. 

Proof. We observed in the course of the above discussion that, in the case where 
S = N and G = Z, we could have chosen our non-empty subset U to be a subset 
of H. Then the given proof leads to the stated result. □ 

A rectangular semigroup is a semigroup R that, as a set, has the form Ax B, 
where A and B are non-empty sets, and the product is given by (a,b)(c,d) = 
(a, d) for a, c G A and b,d G B, so that all elements of R are idempotents. Let 
R = A x B be such a semigroup. In the following we denote the semigroup 
action by juxtaposition, and we write it a and ttb for the projections onto A and 
-B, respectively. Fix two distinct elements, b\ and 62 in B, and consider the set 
U of pairs {it, v} of elements R such that ttb(u) = b\ and 7Tb(v) = b%. Note 
that, for and {1*2, ^2} in U, we have 

U\Ui = U\, U\V2 = U2, ViU2=Ui, ViV2=Vi. (5.2) 

Also note that the set U is closed under left-translation by elements of R. 

Consider the set N of elements / G 1 1 (R) of the form / = 5 U — 5 V , where 
{u,v} G U, so that N C Ci?. Then it follows from (JOJ) that fx ★ / 2 = 
whenever /i,/2 G AT. Further, A is closed under left-translations by elements 
of i?. Take / G N and g G £ 1 (R)*. Then g * / has the form ft = 
where a, £ C (i G N), M < oo, and /, G A (i G N). Thus ft * ft = 0. 

We conclude that each such element g * / is nilpotent of index at most 2, and 
so / G J(i?) n J (R). Thus A C J(R) n J (i?). 

This implies the following result. 

Proposition 5.4. Let R = A x B be a rectangular semigroup with \B\ > 2. 
Then dim J(R) > \A\ and dim Jq(R) > \A\. In particular, the algebras £ 1 (R) 
and CR are not semisimple. 

The result has relevance to our main question because it is a result of the 
third author ([II], [3 Theorem 9.41]) that N* contains a copy of such a rect- 
angular semigroup R = A x B with \A\ = \B\ — 2 C . Thus we have many 
'very large' semigroups R in N* such that i 1 (R) and Ci? are far from being 
semisimple. 
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6 A condition for semisimplicity 

We now give our main description of J(/3S) and J(S*) for a cancellative, count- 
able, abelian semigroup S. 

Theorem 6.1. Let W be a compact, right topological semigroup, and suppose 
that f 6 £ 1 (K(W)). Then the following are equivalent: 

(a) 5 P * / * S q = for each p,q £ K(W); 

(b) 51 * / * 92 * / * 93 * f = for each 0i, fife, 03 G £ 1 (W); 

(c) /€ J(W). 

Proof. We suppose that / = J2iLi a i$xi, where on £ C and Xi £ K(W) for 
i 6 N and where YliLi \ a i\ < 00 • 

(a) =>• (b) It suffices to prove (b) in the special case in which gi — S yi , 
92 = 5 V2 , and 53 = 8 V3 for some 2/1,2/2,2/3 G W\ But in this case 

OC 

(.91 * /) * (.92 * /) * (.93 */)=<* Vl * ^ 

i J = l 

Since Xiy2,U3Xj G lf(W) for each i,j g N, it follows from (a) that each term in 
the bracket is 0, and so gi * / * 2/2 * / * 33 * / = 0. 

(b) =>• (c) By (b), g * / is nilpotent of index at most 3 for each g £ £ 1 (W). 
More directly, / itself is nilpotent of index at most 3. Thus (c) follows from 
Theorem 11.11 

(c) (a) Takep, q £ K(W), and set G = pK(W)q, so that G is a subgroup of 
W by Theorem l2.1f iii). Since supp (6 P * f * S q ) C G, it follows from Proposition 
12.31 that 5 P * / * 8 q = 0, giving (a). □ 

Suppose that / G CK"(W), in the above notation. Then the theorem still 
holds, with clause (c) replaced by '/ £ Jo(K(W)y; in the proof of the implica- 
tion (c) => (a), we use Proposition 12.41 rather than Proposition 12.31 It follows 
that J(W)nCW = Jo (W). 

Theorem 6.2. Let S be a cancellative, countable, abelian semigroup, and sup- 
pose that f £ £ 1 (S*). Then f £ J(S*) if and only if supp / C K(S*) and 
dp * f * 5q = for each p,q £ K(S*). 

Further, in this case, g-k f is nilpotent of index at most 3 for each g £ £ 1 (S*). 

Proof. Suppose that / £ J(S*). Then supp / C K(S*) by Theorem O and 
hence / 6 £ 1 (K(S*)). Now take p,q £ K(S*). Then we have 5 P * f * 5 q = 
by the implication (c) => (a) of Theorem 16.11 (applied with W = 0S) . 

Conversely, suppose that / satisfies the two stated conditions. Then / 6 
£ 1 (K(S*)), and so f £ J(S*) by the implication (a) (c) of Theorem O 

Now suppose that / £ J(S*). Then (g * /)* 3 = for each g £ £ 1 (S*) by 
the implication (c) => (b) of Theorem 16.11 □ 
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Similarly, for an element / £ CS* , we have / £ Jo(S*) if and only if supp / C 
K(S*) and S p * f * S q = for each p,qe K(S*). 

The above theorem concerns the algebra (^ 1 (5 1 *), □). However, our earlier 
remarks show that the same characterization applies to the radical of £ 1 (S*, O). 

We further remark that, for each / £ J(S*), there exists p £ K(S*) such 
that g * f * S p is nilpotent of index at most 2 for each g £ Indeed, 
suppose that f*6 p = for eachp £ K(S*). Then this is immediate. Otherwise, 
/ * <5 P 7^ for some p £ K(S*), and then <5 9 * / * 6 P = for each q £ if (5 1 *), 
again giving the result. 

Theorem 6.3. The following statements are equivalent: 

(a) for some infinite, countable, abelian group G, the algebra £ 1 (G*) is 
semisimple; 

(b) for each infinite, countable, abelian group G, the algebra t 1 (G*) is semisim- 
ple; 

(c) ^ 1 (H) is semisimple; 

(d) £ (N*) is semisimple. 

Proof. We consider the subset V of (3G that was defined on page|H We note 
that K(N*) nl = K(B), which is topologically isomorphic to the ideal K(V) 
V n K(/3G) (see Theorem 1.65]). Thus, the tequivalence of (a), (b), and 
(c) will follow once we have shown that, for a fixed infinite, countable, abelian 
group G, the algebra £ 1 (G*) is semisimple if and only if ^{V) is semisimple. 

First, assume that there exists / £ J(G*) with / ^ 0. Then supp / C K(G*) 
by Theorem 15. 1[ and so we may suppose that 



where {xi : i £ N} C K(G*). By Theorem IfTH 5 P * f * 8 q — for each 
p,q £ K(G*~). We partition the set {xi : i £ N} into equivalence classes with 
respect to ~, say into the disjoint subsets {E m : m £ N}, and set f m = f\ E m 
for m £ N. Since / ^ 0, there exists mo £ N with / mo 7^ 0. Now suppose that 
mi, m2 £ N with mi 7^ ni2. For each x, y £ /3G with p + a; + g= p + y + q for 
some p,q E K(G*), necessarily x ~ y, and so the elements <5 p * / mi ★ <5 g and 
<^p * /m 2 * <5q have disjoint support for each p,q £ K(G*). Hence <5 P ★ / m * 8 q =0 
for each m £ N and each p, q £ K(G*). Since supp / m C K(G*), Theorem loTTI 
applies to show that / m £ J(G*) for each m £ N; in particular, f mo £ J(G*). 

By Lemma 14.31 there is a cancellable element u £ /3G such that u + x £ V 
for each a; £ E mo . Thus <5 U * / mo 7^ and <5 U * f mo £ J(V^). This shows that 



Second, assume that there exists / £ J(V) with / 7^ 0. Then we have 
supp / C K(V) by Proposition [573] in particular, / £ l x {K (V)), and so, again, 
Theorem 16.11 applies. 



■DC 




J(V) + {0}. 
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Take r £ E(K{(3G)) C V. Since r + K (V) + r is a subgroup of V, we have 
(5 r -k f -k S r = 0. Now take p,q £ K((3G). By Theorem 2.1(iii), there exists 
r £ E(K) with p + r = p and r + q = q, and so 

5 p * f * 5 q = 5 p * 5 r * f -k 5 r * S q = . 

By Theorem EU (a) =>• (c), / £ J(G*). This shows that J(G*) ^ {0}. 

By Proposition [331 ^(N*) is semisimple if and only if £ 1 (Z*) is semisimplc, 
and so (d) is also equivalent to the other statements. □ 



Theorem 6.4. Let S be a cancellative, countable, abelian semigroup. Consider 
the following conditions on (S*,+): 

(a) there exist n £ N and two disjoint sets {xi, . . . , x n } and {yi, . . . , y n } of 
K(S*) such that, for each p,q £ K(S*), the set {p + X\ + q, . . . ,p + x n + q} is 
a permutation of the set {p + yi + q, . . . ,p + y n + q} ; 

(b) J(S*,+) ^ {0} and/or J Q (S*,+) ^ {0}; 

(c) there is a non-empty, finite subset F of distinct elements of K(S*) and 
x £ F such that, for each p,q £ K(S*), there exist y £ F with y ^ x and 
p + y + q = p + x + q. 

Then (a) (b) => (c). 

Proof, (a) (b) Let n £ N and {x\, . . . , x n } and {yi, . . . , y n } be as specified 
in (a), and set 

n n 

so that f £ CS with supp / C K(S*) and / ^ 0. Take p,q £ K(S*). Then 
clearly S p * f k S q — 0, and so, by Theorem IQ1 / G J {S*) D J(S*). Hence 
J(S*,+)^{0} and J (S*,+) ^ {0}. 

(b) => (c) Take / £ J(S*) with / ^ 0; we may suppose that ||/|| = 1. 
By Theorem 15.11 supp / C K(S*), and so / has the form YliLi a i^i, where 
on £ C\{0} (j e N), X)i=i \ a i\ = 1' an d i x i : j £ N} is a set of distinct points in 
K(S*). Choose k £ N such that J^=fc+i |ck< | < |ai|, and set F = {x\, . . . ,£/.}, 
so that F is a non-empty, finite subset of distinct elements of K(S*). Set 

g = J2i=i a i S xi and h = Y^k+i a ' so tnat 5, ^ S ^(N*), f = 9 + h, 
\\g\\ > | cti | , and < |ai|. Set F = {xi, . . . ,Xk} and x = x\. 

By Theorem[OJ <5 p * / * 5 q = for each p,q£ K(S*). Take p, q £ K(S*), 
and assume towards a contradiction that, for each y £ F with y ^ x, we have 
p+x + q ^ p+y + q. Then \\S p * 5 * <J p [| = \\g\\ > \oti\ and \\S p -k h * S p \\ < \ai\, 
and so \\S P -k f -k S p \\ > 0, a contradiction of the fact that S p * f -k S q = 0. Thus 
there exist y £ F with y ^ a; such that p + y + q= p + x + q. □ 

The question whether or not clause (a) of the above theorem holds is a well- 
known open question in the theory of Stone-Cech semigroup compactihcations; 
in particular, it is open for the case where S = (N, +). Indeed, it may be that 
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there exist x, y £ K(S*) with x ^ y and such that p+x+y=p+y+q for 
each p,q 6 K(S*), a condition that implies (a). Unfortunately, we do not know 
whether the conditions in clauses (a) and (c) are equivalent. 

7 Measure algebras 

Let S be a semigroup. Then M(j3S) denotes the Banach space of complex, reg- 
ular Borel measures on the compact space /3S, with the total variation norm. 
There are two Arens products, □ and O , on M{fiS)\ they are defined by iden- 
tifying M{PS) with ^(S)" . Full details of this identification are given in [2, 
Chapter 7] . The restriction of the products □ and O to elements s £ (3S (when 
s is identified with the point mass S s £ M{fiS)) coincides with the previous 
definitions of □ and O on /3S. We shall consider M(f3S) to be a Banach algebra 
with respect to the product □. 
Set 

Ji = {fi£ MifiS) : S a □ y. = y. (s £ S), fx(pS) = 0} . 

It is easily seen that J\ is a closed, nilpotent ideal of index 2 in M(J3S), and 
hence Ji C J(M((3S)). Thus M((3S) is not semisimple whenever J\ ^ {0}. 

In [21 Proposition 7.21], it is shown that Ji is infinite dimensional for many 
semigroups S, including the case where S is an amenable group; in fact, the 
dimension of J\ is 'large' [131 Theorem (7.3) (ii) (b) ] in this later case, and so 
the dimension of J{M{/3S)) is also large. See also [2 Theorem 7.22], where a 
somewhat larger ideal than J\ - say it is Ji - is constructed, and it is shown 
that J 2 C J(M(pS)). The original result that (M(pG), □) is not semisimple 
whenever G is an amenable group is due to Granirer [5]. 

This leaves open the question of a description of the radical of M(/3G) when- 
ever G is a non-amenable group, such as Fq. It is a conjecture that M(j3 F2) is 
semisimple. The following is a partial remark towards this; the hypotheses on 
G in the following theorem are satisfied by F2. 

Proposition 7.1. Let G be a countable group that can be embedded in a compact 
topological group. Assume thate 1 (W,+) is not semisimple. Then (M(/3G), □) 
is not semisimple. 

Proof. Take V to be the subset of G defined on page [5] Since 1 1 (N* ) is not 
semisimple, it follows from Proposition 16.31 that there exists / £ J(V) with 
/ + and such that supp / C K(V) = K(G*) n V C K(G*). Thus we can 
apply Theorem 15.11 to see that 

0i*/*S2*/*03*/ = O (51,52,93 £ ^(/3G)) . 

Now take M £ M(j3G). First replace 53 by a net in i l {f5G) that converges 
to M in the weak-* topology. Then 

9i * / *92 */DMD/ = ( 9l ,g 2 £t 1 (m))- 
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Similarly we see successively that MD/DMn/DMn / = 0. Thus M □ / is 
nilpotent of index at most 3 in M((3G) for each M £ M((3G), and so, by Theorem 
O / G J(M(j3G)). This shows that M(fiG) is not semisimple. □ 
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